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Abstract 

The geometrical parameters for a wormgear intended to be used as the 

transmission in advanced helicopters are finalized. The resulting contact 

pattern of the meshing tooth surfaces is suitable for the implementation of 

hydrostatic lubrication.  Fluid film lubrication of the contact is formulated 

considering external pressurization as well as hydrodynamic wedge and squeeze 

actions.  The lubrication analysis is aimed at obtaining the oil supply 

pressure needed to separate the worm and gear surfaces by a prescribed minimum 

film thickness. The procedure of solving the mathematical problem is 

outlined. 
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Nomenclature 

(Most wormgear terminologies are listed in Table 1) 

a speed of sound 

A cross sectional area of the capillary flow restrictor 

A<km> coordinate transformation matrix from Sm to Sk (See Report 1.) 

B isothermal bulk modulus 

cp specific heat at constant pressure 

cv specific heat at constant volume 

D hydraulic diameter, = 4A/s 

fM Moody friction factor 

fM mean Moody friction factor 

g clearance between meshing worm and gear surfaces 

h fluid film thickness 

hjjjij, minimum film thickness 

[hjjijj] prescribed minimum film thickness 

k ratio of specific heats, = Cp/Cy. 

L length of the capillary flow restrictor 

m mass flow rate 

M Mach number 

p fluid film pressure 

P reduced pressure 

Re Reynolds number 

s wetted perimeter of A 

Sj stationary worm coordinate system (See Report 1.) 

Sn   stationary gear coordinate system (See Report 1.) 
(Xn.yn.Za) 

Sx   moving worm coordinate system (See Report 1.) 
(xi.yi.zi) . 

52 moving gear coordinate system (See Report 1.) 
(x2>y2»z2) 

53 moving gear coordinate system for clearance calculation 
(x3.v3>z3) 

IV 



(u.v.w) velocity components of fluid film flow in the (£,>?.D directions 

(U V)  velocity components of the worm surface relative to the gear 
surface, lying in the tangent plane of the worm surface and 
essentially in the £ and r\  directions 

mean flow velocity in the flow restrictor 

load carrying capacity of the fluid film 

coordinate axis along the flow restrictor 

normal pressure angle of the wormgear 

apex angle of the generating plane 

gear rotation angle (See Report 1.) 

viscosity 

(€,»?.f) coordinate system for lubrication analysis 

p density 

■>l>2 worm rotation angle (See Report 1.) 

v 

W 

x 

ß 

Subscripts 

at the ambient condition 

r  at the end of the recess 

at the end of the supply chamber 

x       in recess 1 

2   in recess 2 

As wormgear nomenclature, ( )l  and ( )w refer to the worm; ( )2 and ( )G 
refer to the gear. 



1 Background and Objectives of the Study 

The ongoing project (NASA Research Grant NAG3-1316) studies the 

feasibility of using a hydrostatically lubricated wormgear as the transmission 

in advanced helicopters.  The selection of a wormgear type suitable for the 

intended application was made, and a computer program was developed capable of 

evaluating the kinematic and load sharing properties of the selected wormgear 

for any combinations of gear parameters and dimensions.  The work was reported 

in Sun and Yuan (1994a, hereafter to be referred to as Report 1). The results 

in this report were computed for gear dimensions that basically followed the 

gear standards.  Later it was deemed worthwhile to investigate the possibility 

of using a non-standard tooth profile where the pressure angle is different on 

the two sides of the tooth, for the purpose of more efficiently producing the 

needed output torque. A detailed study of the relative merits between the 

symmetric and non-symmetric tooth profiles was conducted and was reported in 

Sun and Yuan (1994b, hereafter to be referred to as Report 2).  These 

investigations paved the way for the final adoption of an optimal wormgear 

geometry and for further lubrication studies. 

The present report describes the subsequent developments: A set of 

wormgear parameters was selected in such a way that the contact pattern of the 

meshing tooth surfaces was suitable for the implementation of hydrostatic 

lubrication. After the fluid film load bearing regions on a gear tooth were 

determined, the oil supply configuration on the tooth surface was designed. 

Fluid film lubrication of the contact was formulated considering external 

pressurization as well as hydrodynamic wedge and squeeze actions. The flow in 

the flow restrictors was analyzed which linked the needed oil supply pressure 

with the recess pressures, which in turn are linked with a prescribed minimum 

oil film thickness. The report then outlines the procedure of solving the 

mathematical problem. 



2 Wormgear Geometry 

2,1 Finalized Geometrical Parameters and Contact Features 

The procedure of selecting wormgear dimensions typically starts with a 

known speed ratio and a known center distance.  In the intended application 

the power output of each worm is 4000 kW, the speed ratio is 110, the gear 

rotation speed is 130 r/min, and the diameter of the gear is about 1500 mm 

(Chaiko, 1990).  Based on these requirements and by following closely the gear 

standards (AGMA, 1965; Dudley, 1984), a set of gear dimensions were laid out 

in Report 1.  In particular, the normal pressure angle was the standard 20 deg 

and the tooth profile was symmetric.  This choice was shown in Report 2 to be 

superior than the alternative non-symmetric profile.  This is mainly because 

the symmetric profile allows a longer face width of the worm, hence a greater 

number of meshing teeth to share the load. 

Report 2 also shows that the apex angle ß  has a profound influence on 

the distribution of contact lines. When ß  is small, the contact lines crowd 

around the mid-plane; as ß  increases, the contact lines spread and cover more 

of the tooth flank.  Traditionally a uniform distribution of contact lines on 

the tooth flank is considered to be better because wear of the tooth surface 

would be more even.  But for the wormgear under investigation, which is 

enhanced by hydrostatic lubrication, pressurized oil must be brought to the 

contact and it is convenient to fix the oil supply configuration on the gear 

tooth surface. Then, it is imperative to confine the contact lines to a 

target area of the tooth flank.  After careful adjustment of the apex angle 

and comparison of results, the final choice of ß —  3 deg was made.  The 

finalized wormgear dimensions and parameters are summarized in Table 1. 

Figure 1 shows a typical wormgear position where a certain tooth, 

denoted as tooth No. 0, is at J2 
= 0-  It can be seen that at this position 



ten pairs of teeth are in meshing, beginning from tooth No. 2 and ending with 

tooth No. 11.  The contact lines on several of these teeth are shown in Figs. 

2: In these figures the unit of the coordinates is millimeter and the gear 

tooth domain (shown in its true proportion) is marked by solid lines. For the 

gear surface coordinate system S2(x2ly2,z2), refer to Fig. 3.1 of Report 1. 

Several contact features can be identified:  (1) On the majority of the teeth 

there are two contact lines, located more or less symmetrically on the two 

sides of the mid-plane. This means that potentially there are two fluid film 

load bearing regions on the tooth flank.  (2). The contact lines run across the 

tooth flank more or less in parallel with the mid-plane.  This means that the 

contact lines are nearly perpendicular to the velocity of the worm surface, 

which is advantageous for generating the hydrodynamic wedge action.  (3) In 

contrast to the case of ß  = 5 deg, which is shown in Figs. 3.7 of Report 1, 

the contact lines now lie much closer to the mid-plane.  This means that 

contact is confined to a small area surrounding the mid-plane, which is 

convenient for designing the oil supply configuration. 

2.2 Clearance Between the Meshing Surfaces 

Because the positions of contact lines vary as the wormgear rotates, the 

clearance between the meshing surfaces is a complicated function both of the 

position on the tooth flank and of time.  The tedious procedure of computing 

the clearance function is briefly described in Appendix 1. 

Some representative results on the clearance shape are given below for 

illustration. Figures 3 show the clearance profile, for several meshing 

teeth, in a (y2,z2) plane whose x2 location is on the pitch circle.  In the 

figures * denotes a point on the worm surface and O denotes a point on the - 

gear surface.  It is seen that, at the beginning when the worm and gear run 

into meshing, there are two contact points along the profile and the clearance 

is small between the two contact points; then toward the end of the meshing 



zone one contact point disappears and the clearance becomes large. 

2.3 Relative Velocities between the Meshing Surfaces 

The velocity of the worm surface relative to the gear surface at a 

contact point is given by Eqs. 38 of Report 1.  For lubrication analysis the 

relative velocity at a general point in the fluid film regions is needed, 

which can be obtained by first knowing the coordinates of the corresponding 

points on the worm and gear surfaces, then finding the velocities of these 

points.  For the latter quantities, note that the velocity of a point on the 

worm (gear) surface is simply the distance from this point to the worm (gear) 

axis multiplied by the worm (gear) rotation speed.  While the computation is 

laborious, a general feature may be transparent: Because the fluid film 

regions are chosen to be close to the mid-plane and the-speed ratio is large, 

the relative velocities in these regions are nearly perpendicular to the mid- 

plane.  Some details of computing the relative velocities are given in 

Appendix 2. 

2.4 Normal Force on a Gear Tooth 

The normal force on a gear tooth is the load the fluid film must 

withstand.  This information is needed in the lubrication analysis.  The 

distribution of load among meshing teeth was analyzed in Report 1 based on a 

load sharing hypothesis.  Applying the analysis to the wormgear geometry 

presently chosen, the normal force on a gear tooth and the torque variation 

along the worm coil are obtained.  To evaluate the effect of friction a 

Coulomb friction coefficient of 0.07, a typical value when fluid film 

lubrication is not established at the contact, is used in the computation. 

The results are shown in Figs. 4 and 5.  In these figures, * represents the 

case with friction and O represents the case without friction. 



Figure 4 shows the variation of the normal force on a gear tooth as the 

latter moves through the meshing zone (using the gear rotation angle B2  as a 

time parameter). The difference between including and not including friction 

cannot be detected. This means that, for the specified power output, the 

lubricant film must withstand almost the same load whether friction is present 

or not. Note that the peak normal force is higher than in the case of ß -  5 

deg, which is shown in Fig. 4.4 of Report 1. This is because in the present 

case the second enveloping contact line disappears earlier in the meshing 

zone.  Compare Figs. 2 with Figs. 3.7 of Report 1. As a result, the total 

length of contact lines (at any instant) is shorter, then by the load sharing 

hypothesis, the unit load level becomes higher. This is a price paid for 

having the contact lines lie closer to the mid-plane. 

Figure 5 shows the torque variation along the worm coil. By comparing 

with Fig. 34 of Report 2, one can see that the torque level in this case is 

also slightly higher than in the case of ß  - 5 deg. Note also that the 

presence of friction causes a much higher torque level.  This is because the 

direction of friction is very close to that of the tangential force on the 

worm. Hence, a large part of the input torque must be spent to overcome the 

friction torque. With fluid film lubrication established at the contact, the 

friction coefficient would be reduced to the order of 10"3.  Then, the input 

worm torque needed to produce the specified output power would be greatly 

reduced. 

3 Formulation of the Lubrication Problem 

3.1 Oil Supply Configuration 

The results of Section 2.1 show that the contact between the worm and 

gear surfaces is confined to a small area surrounding the mid-plane. This 

area consists of two regions covered respectively by the first and second 



enveloping contact lines and extends approximately 25 mm in each direction 

from the mid-plane.  This area, boxed by dashed lines in Fig. 6, is chosen for 

the application of fluid film lubrication.  Taking advantage of the existence 

of two load bearing regions, the oil supply configuration is chosen to consist 

of two oil grooves which run parallel to the mid-plane and are symmetrically 

placed on the two sides of the mid-plane.  Oil is brought to the grooves 

through capillary flow restrictors which are connected to a single oil supply 

chamber. The dimensions of the grooves and their distance from the mid-plane 

are adjustable design parameters.  In computing the fluid film pressure the_ 

actual boundary of the lubrication region is located where the fluid film 

thickness reaches a large value (e.g. 0.1 mm).  Thus, the lubrication region 

is not exactly the boxed region shown in Fig. 6. 

3.2 Analysis of Fluid Film Pressure 

Pressure in the fluid film is generated by three mechanisms: One is the 

supply of pressurized oil to the contact area through the oil grooves, which 

is called the hydrostatic action.  The second is the sliding motion of the 

worm surface (relative to the gear surface) that drags oil into the small 

clearance of the contact area, which is called the hydrodynamic wedge action. 

There is still the third, viz. the normal approach of the worm surface to the 

gear surface, which is called the squeeze action.  The squeeze action is 

present when the clearance varies with time.  The equation governing the 

pressure (the Reynolds equation) can be obtained by analyzing the fluid film 

flow using the lubrication theory (Sun, 1991), then the pressure is obtained 

by solving the Reynolds equation along with appropriate boundary and initial 

conditions. 

The lubrication model may be constructed as follows:  Consider one gear 

tooth surface as stationary and over which the worm coil surface moves.  For 

convenience the gear surface is treated as flat, lying in the coordinate plane 



(f,rj) which coincides with the original generating plane (Section 3.3, Report 

1). The fluid film thickness h is the sum of a prescribed minimum film 

thickness [h^J (considered known) and the clearance g between the meshing 

surfaces measured in the f direction which is normal to the (f ,r?) plane. The 

relation between the coordinate system (£,»7,0 for the lubrication analysis 

and the coordinate system S2(x2,y2,z2) are shown in Fig. 7. Note that the rj 

axis is parallel to the x2 axis. The velocity of the worm surface (relative 

to the gear surface) at any point in the fluid film regions, which is obtained 

in Section 2.3, is broken up into three components: U(f ,J7,t) and V(£,r;,t) 

lying in the tangent plane of the worm surface and essentially in the £ and r? 

directions; and 3h/3t normal to the (£,TJ) plane. During the meshing period 

the load acting on the fluid film is given in Section 2.4.  A schematic 

diagram of the lubrication model is shown in Fig. 8. 

The fluid film flow is assumed to be isothermal.  Since high supply 

pressure is anticipated, the effect of oil compressibility is considered. The 

density and pressure of oil are assumed to obey the relation: 

TT CD 
P=Pae 

where p is the pressure, p  the density, B the isothermal bulk modulus 

(considered to be a constant), and ( )a denotes the ambient condition. 

Within the lubrication approximations, the velocity components (u,v,w) 

of the fluid film obey, the following simplified equations: 

The continuity equation 

IHlpu)+£(pv,+il(pw)"0 



(3) 

The (f.n.C) momentum equations 

dp      d2u 
a* '* öc2 

dr\   ** dC2 

ac 

and the velocity boundary conditions: 

At       C = 0,  U=V=W=0 

AC       Z=h,      U*U(l,T\,t) 

w=&l+u&l+vdh 
dt      dl       dr\ 

where p  is the viscosity of oil (considered to be a constant). 

From the f momentum equation it can be seen that p is only a function of 

(£•*?.£).  Hence the £ and 77 momentum equations can readily be integrated with 

respect to f.  Using the velocity boundary conditions, one obtains: 

u=_3pC(i2-C)+yj 
dl      2\L h 

(5) 

T>>__ap c(i2-C) M,{    ■ 

By substituting u and v -into the continuity equation, then integrating the 

equation from f=0 to f=h, and using the boundary conditions for w, one obtains 

the Reynolds equation: 



(6) 

where p=e(p-pa)/B is a "reduced" pressure.  In the equation the terms enclosed 

in square brackets on the right hand side are the wedge action terms; the term 

on the right hand side involving the time derivative is the squeeze term; the 

sliding velocity components (U,V) and the clearance function h(f,7j,t) are 

known functions; and P is the unknown. Note that using the reduced pressure 

as the unknown renders the Reynolds equation linear. 

The boundary conditions for pressure are that the ambient pressure is 

prescribed at the boundary of the lubrication region, which is located where 

the fluid film thickness reaches a large value; and constant recess pressures, 

prl and pr2, prevailing respectively in the two oil grooves.  Initially the 

pressure in the lubrication region is the ambient pressure. 

The pressure in the fluid film is to be solved from Eq. 6 and the above 

boundary and initial conditions.  The pressure so obtained, when integrated 

over the fluid film regions, is required to balance the normal force acting on 

the gear tooth, as given in Section 2.4. The two recess pressures are related 

to a single oil supply pressure, ps, prevailing in the supply chamber.  Since 

the normal force is given as a function of time, the supply pressure thus 

determined is a function of time. 

3.3 Flow Restrictor Analysis 

Flow passage must be provided between the oil supply chamber and the oil 

recess. This flow passage is called the flow restrictor. A schematic 

arrangement of the flow restrictor in a hydrostatic bearing is shown in Fig. 

9.  Flow restrictor analysis is an integral part of the theory of hydrostatic 

lubrication. There are two common types of flow restrictors: orifice and 



capillary.  Flow in the former is typically treated as an incompressible 

inviscid flow; and in the latter as an incompressible viscous flow.  In the 

case under investigation, there are two oil recesses, i.e. the two oil 

grooves, hence there need to be two flow restrictors.  It is convenient to use 

capillary flow restrictors because the supply oil must go through the gear 

body to reach the oil grooves. Besides, since high supply pressure is 

anticipated, the effect of oil compressibility is included in the flow 

restrictor analysis. 

Compressible flow of a liquid through a capillary may be treated as a 

Fanno-line type flow, in which the needed friction factor may be obtained from 

the Moody diagram. The Fanno-line flow of a gas is described in a treatise on 

gasdynamics (Liepmann and Roshko, 1957).  The Moody diagram, along with its 

various empirical correlation formulas, can be found in a standard fluid 

mechanics textbook (Fox and McDonald, 1992).  The analysis proceeds as 

follows: 

Consider a one-dimensional quasi-steady isothermal compressible flow 

with negligible body force in a tube of constant cross sectional area A. Let 

the streamwise coordinate be x.  The continuity equation reads: 

d   (pv)= 0 (7) 
dx 

The momentum equation reads: 

Pv^r=-^p-i*-pzi (8) 
^   dx     dx    D    2 

where fM is the Moody friction factor and D the hydraulic diameter (D=4A/s, s 

being the wetted perimeter of the tube's cross section).  In addition, Eq. 1 

provides the relation between p and p.     Thus, there are three equations to 

solve for the three unknowns p, p,   and v. 

10 



To facilitate solution of the system, the Mach number is introduced: 

M = Z (9) 
a 

where a is the speed of sound which may be expressed in terms of the 

isothermal bulk modulus of the liquid by means of thermodynamics (Moran and 

Shapiro, 1992): 

2 _ ( OP \ - W dp \       = kB a   ~ V -3— / isentxopic       ^ QQ ' isothermal       ^ 
(10) 

where   ic= — 
c„ 

Writing Eqs.   7-9 and Eq.   1 in differential forms,   one obtains: 

^£+^:= 0 (ID 
p       V 

dv__,    2   x  dp._ fifa (12) 

v kM2     B        D 

2dM=d£+2dv (13) 
M      p v 

dp_ =   dp (14) 

p B 

These four equations can be solved algebraically for the four quantities dp/p, 

dp/B, dv/v, and dM/M. The result is that the first three differentials are 

all expressed in terms of dM/M while the latter is uncoupled from the rest in 

a single equation. Thus: 

11 



dp   __2 dM 
P. M 

dp __2 dM 

dv _ 2dM 

M 
(15) 

(16) 

v M 

{_J^__1)dM =   fj^x 
kM2 M AD 

These expressions can then be integrated from the inlet to the exit of the 

tube to yield: 

PsMi = Pri^ 

Zi = XL 

Ml        M\ 

R±+lnMl = ^+ln^ 
B s        B r 

(In JM.+-L-L) Si  = In M+^- — s    2k M*        AD *    2k M> 

where L is the length of the tube, fM the mean friction factor, ( )s and ( )r 

denote respectively the inlet (at the supply chamber end) and the exit (at the 

oil recess end) conditions. 

For a smooth tube the Moody friction factor is only a function of the 

Reynolds number which is defined as: 

R pvD =   Am 

where m=pvA is the mass flow rate.  Empirical correlation formulas for the 

Moody friction factor may be given as follows: 

12 



For i?e<2300,    TM = -|£ 

For 2300<Re<105,    TM=   °-3164 (18) 

*e 
0.25 

ForRe>105,   TM= O.lSdog^^-^)-2 

'e 

Equations 16 essentially provide a relation between pr and ps. The 

relation becomes lucid by observing the following:  Suppose pr is known.  From 

pr and the pressure field surrounding the oil groove, the mass flow rate from 

the groove into the fluid film region can be determined. This mass flow rate 

must also be the m through the flow restrictor. From pt one knows pr  and ar; 

from m one further knows vr, Mr, and Re. Knowing Re, one can calculate f^ from 

Eqs. 18.  Then, Ms can be determined from the last equation, and ps from the 

third equation, of Eqs. 16. 

3.4 Solution Procedure 

The lubrication analysis is aimed at obtaining the oil supply pressure 

needed to separate the worm and gear surfaces by a prescribed minimum oil film 

thickness. The analysis consists of two coupled parts as described in 

Sections 3.2 and 3.3. The mathematical problem has to be solved numerically 

and by iteration. The quantities to be iterated are the two recess pressures, 

prl and pr2, prevailing respectively in the two oil grooves. The solution 

procedure may be as follows: 

(1) Choose a gear position or time, 9  . 

(2) Assume prl and pr2; and solve the unsteady Reynolds equation for p. 

(3) Compute the load carrying capacity W by integrating the pressure over- 

the fluid film regions; and the mass flow rates mx  and m2 through the 

two flow restrictors. 

(4) Compute psl from prl and %; likewise compute ps2 from pr2 and m2. 

13 



(5)  If psl equals ps2 and W equals the normal force acting on the gear tooth 

at this time, the solution has been found. Go to (1) for the next time 

step.  Otherwise go to (2) and revise prl and pr2. 

The procedure is outlined by a flow diagram in Fig. 10. 

Note that the supply pressure so obtained are for the prescribed [h,^]. 

In the beginning and toward the end of the meshing period the normal force may 

be small enough that hydrodynamic lubrication alone is adequate.  Hence a pre- 

procedure is added to the above procedure. The pre-procedure may be as 

follows:  First solve the unsteady Reynolds equation without considering 

external pressurization.  With the prescribed [h^jj if the computed load 

carrying capacity exceeds the normal force, hydrostatic lubrication is not 

needed and one may go right to the next time step. Otherwise activate the 

procedure described in the previous paragraph. 

The discretization of the mathematical problem, the numerical scheme 

used to integrate in the time domain, and the iteration algorithms will be 

described in the next report along with the computational results. 

4 Summary 

Based on the speed ratio and power output requirements of the intended 

application, a particular type of double-enveloping wormgear is selected. 

After extensive studies and comparisons, a set of wormgear dimensions and 

parameters are laid out in such a way that the contact pattern of the meshing 

tooth surfaces is suitable for implementing hydrostatic lubrication. The 

kinematic and load sharing properties needed for the lubrication analysis are 

determined, which include the variation of the clearance between the meshing- 

worm and gear surfaces, their relative velocities, and the normal force acting 

on a gear tooth during the meshing period. 

14 



Based on the kinematic study two fluid film load bearing regions on a 

gear tooth are located. The oil supply configuration on the tooth surface is 

designed. Fluid film lubrication of the contact is formulated considering 

external pressurization as well as hydrodynamic wedge and squeeze actions. 

The flow in the flow restrictors is analyzed that links the oil supply 

pressure with the recess pressures, which in turn are linked with the minimum 

oil film thickness. The lubrication analysis is aimed at obtaining the oil 

supply pressure needed to separate the worm and gear surfaces by a prescribed 

minimum oil film thickness. The procedure of solving the mathematical problem 

is outlined. 

15 
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Table 1 Dimensions and Parameters of the Selected Wormgear 

TERM SYMBOL VALUE FORMULA BASED REFERENCE 

speed ratio     i 

normal pressure  o^ 
angle 

center distance  a 

number of worm   Nx 
threads 

number of gear   N2 
teeth 

pitch diameter   dx 
of worm* 

pitch diameter   dj 
of gear 

axial pitch      px 

worm lead angle* 7 

normal circular 
pitch 

axial pressure 
angle* 

base circle 
diameter 

module 

number of 
meshing teeth 

half angle of 
meshing 

Aa 

N. p 

*. 

110 

20 deg 

880 mm 

1 

110 

300 mm 

1460 mm 

41.6975 mm 

2.533 deg 

41.6568 mm 

20.018 deg 

0.818 deg 

519.3182 mm 

13.2727 
mm/tooth 

10 

15.627 deg 

N2 - Nx*i 

di = a0"875 Ad     (E) 
'(Iq- 1.7-2.2) 

<i2 = 2*a-d;L 

px = 7r*d2/N2 

tan7 - p^Ni/jr/di 

Pn = P**cos7 

tanax ■» tanan/cos7 

Aa = px/2/d2 

db = d2*sin(ax+Aa) 

Xm - Px/* 

i>&  = 7T*(Np-0.45)/N2 

given 

Dudley, 1984 
p. 3.71 

selected 

selected 

Dudley, 1984 
p. 3.70 

Dudley, 1984 
Table 3.32 

Dudley, 1984 
Eq. 3.38 

Dudley,. 1984 
Table 3.32 

Dudley, 1984 
Eq. 3.40 

Dudley, 1984 
p. 3.72 

Dudley, 1984 
Eq. 3.41 

Dudley, 1984 
Table 3.32 

selected 

Shen, 1983 
Table 10.1 

start angle     ^f 
of meshing 

thickness of     Sx 
worm thread 

thickness of     S2 
gear tooth 

5.209 deg 

18.7639 mm 

22.9336 mm 

V-f = sin^Cdb/da)-*. 

51 - 0.45*px 

52 - 0.55*px 

Shen, 1983 
Table 10.1. 

Dudley, 1984 
p. 3.73 

Dudley, 1984 
P. 3.73 
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whole depth bt   20.8284 mm 

working depth    bk   18.7455 mm 

addendum 

clearance 

throat diameter 
of worm* 

root diameter 
of worm* 

throat diameter 
of gear 

root diameter 
of gear 

face width of 
worm 

face width of 
gear 

apex angle of 
generating plane 

ba   9.3728 mm 

2.0829 mm 

^al 

*fi 

Aa2 

Hz 

ß 

318.7455 mm 

277.0888 mm 

1478.7455 mm 

1437.0888 mm 

393 mm 

249 mm 

3 deg 

bt - bk+c 

t^ = 2*b, 

<k. - 0.225) 

C   -   kc*Pn 
(kc - Ö.05) 

dal - d1+2*ba 

dfl   -   dal-2*bt 

d^ - d2+2*ba 

da - d,2-2*bt 

bx = d2*sin^a 

b, - (0.9-1.0)*d ■fi 

Dudley, 1984 
Table 3.31 

Dudley, 1984 
Table 3.31 

Dudley, 1984 
Table 3.31 

Shen, 1983 
Table 10.1 

Dudley, 1984 
Eq. 3.39 

Dudley, 1984 
Table 3.32 

Shen, 1983 
Table 10.1 

Shen, 1983 
Table 10.1 

Shen, 1983 
Table 10.1 

selected 

* At the center of worm. 
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Figures 

Fig. 1  Wormgear position where gear tooth No. 0 is at 92  - 0 

Fig. 2  Contact lines on the gear tooth with o^= 20 deg, ß  = 3 deg 

(a) tooth position No. 2 

(b) tooth position No. 4 

(c) tooth position No. 6 

(d) tooth position No. 8 

(e) tooth position No.10 

Fig. 3  Variation of clearance :on a gear tooth 

(a) tooth position No. 2 

(b) tooth position No. 4 

(c) tooth position No. 6 

(d). tooth position No. 8 

(e)  tooth position No.10 

Fig. 4  Variation of normal force on a gear tooth 

Fig. 5  Variation of torque along the worm coil 

Fig. 6  Lubrication area and location of oil recesses 

Fig. 7  Coordinate systems for lubrication analysis and clearance 
calculation 

Fig. 8  A schematic diagram of the lubrication model 

Fig. 9  A schematic diagram of a hydrostatic bearing 

Fig. 10 Solution procedure 
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Fig. 1   Wormgear position where gear tooth No. 0 is at 62 = 0 
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X2 

Fig. 2 Contact lines on the gear tooth with an = 20 deg, ß 
(a) tooth position No. 2 

= 3 deg 
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Fig. 2 Contact lines on the gear tooth with an = 20 deg, ß = 3 deg 
(b) tooth position No. 4 
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Fig. 2 Contact lines on the gear tooth with an = 20 deg, ß 
(c) tooth position No. 6 

= 3 deg 
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Fig. 2 Contact lines on the gear tooth with an = 20 deg, ß = 3 deg 
(d) tooth position No. 8 
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Fig. 2 Contact lines on the gear tooth with an = 20 deg, ß 
(e) tooth position No.10 

= 3 deg 
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Fig. 3 Variation of clearance on a gear tooth 
(a)  tooth position No. 2 
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Fig. 3 Variation of clearance on a gear tooth 
(b) tooth position No. 4 
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Fig. 3 Variation of clearance on a gear tooth 
(c) tooth position No. 6 
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Fig. 3 Variation of clearance on a gear tooth 
(d) tooth position No. 8 
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Fig. 3 Variation of clearance on a gear tooth 
(e) tooth position No.10 
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Fig. 4 Variation of normal force on a gear tooth 
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Fig. 5 Variation of torque along the worm coil 
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Fig. 6 Lubrication area and location of oil recesses 
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y2 

Fig. 7 Coordinate systems for lubrication analysis and clearance calculation 

34 



worm 

Fig. 8 A schematic diagram of the lubrication model 
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w 
Bearing; runner 

Bearing recess 

Supply chamber 

Bearing pad 

Recess pressure pr 

/\ Supply pressure ps 

Fig. 9 A schematic diagram of a hydrostatic bearing 
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time step 

assume prl and pa 

solve Reynolds equation 
to obtain p 

compute m-L and m2 

solve restrictor flow equations 
to obtain p$1 and ps2 

no 

revise prl and pr2 

next time step | 

Fig.10 Solution procedure 
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Appendix 1 Calculation of the Clearance between the Meshing Surfaces 

The clearance between the worm and gear surfaces can be obtained 

numerically.  To calculate this quantity, it is convenient to introduce a 

moving coordinate system S3(x3,y3lZ3), where the (x3,y3) plane coincides with 

the original generating plane; the x3 axis is in parallel with the x2 axis; 

and the origin coincides with the tangent point between the original 

generating plane and the base circle. The S3 coordinate system is shown in 

Fig. 7.  The clearance function is then given by: 

ff(Q,ty,Q*)=zm-zG3 (19) 

where zW3  and zG3 may be determined from the following equations: 

A (32)^(21) F=0 

Ai32) A^21) DyF=0 (20) 

A^ A^21) D^] F=0 

A<32Ue
(.21)F=0 

A^A^D^O C21) 

Since the clearance varies with the rotation of the wormgear, 6*  is used here 

to denote the current wormgear position.  It is not necessary to calculate the' 

clearance beyond the worm and gear tooth domains which are specified in Report 

1. 

To calculate the clearance one must first locate the corresponding 

points on the worm and gear surfaces.  The procedure to determine the points 

on the gear surface is as follows:  Choose a y3 value (say, y3 - c) and let 8Z 

run through a series of values within the meshing range.  The points that - 

satisfy y3 - c and Eqs. 20 are found by root searching.  Then check if these 

points lie within the gear tooth domain. To locate the points on the worm 

surface, one must repeat the above procedure for every wormgear position S*. 
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In this case the points must satisfy y3 - c and Eqs. 21; and these points need 

to be transformed to S^ to check whether they lie within the worm tooth 

domain. The two sets of points so obtained are the bases for interpolation to 

locate the corresponding gear and worm points having the same (x3,y3) 

coordinates.  The above calculation steps are repeated for as many y3 values 

as needed, in this way all the corresponding points on the meshing surfaces 

are found. 

The coordinate transformation matrices used in the calculations are 

those between S2 and S3, 

10 0 0 
0   sinß cosß r,*sinß 

(32) =                      K r b                                                         (22) 
0  -cosß sinß -r^+cosß 

0       0 0 1 

10 0         0 
,   v     0 sinß -cosß  -rb (23)-                       r r            J3 

0  cosß sinß     0 
0      0 0         1 

and the one from S3 to Si  for a given wormgear position 8*: 

0* ■    8* 

-COS02 sin02sinß -sinÖ^cosß a-r^sine^ 

0 -cosß             -sinß 0 

-sinÖa -cosÖ^sinß cosözcosß r^sinOg 

0 0                      0 1 

(23) 

(24) 

It should be mentioned that a part of the gear surface could be formed 

not by the enveloping process.  Consider the situation where the gear hob has 
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a face width shorter than the diameter of the base circle. Then, the two ends 

of the gear tooth (large ± z2 values) and the central portion of the gear 

tooth (small ± z2 values) may be left out by the enveloping process.  The 

former is due to the late engagement, and the latter the early disengagement, 

between the gear and the hob. Under such a circumstance the portion of the 

gear surface that is not covered by the enveloping process is described not by 

Eqs. 20, but instead by the equation of the hob surface. 

Another situation may arise where the face width of the worm is shorter 

than that of the gear hob.  Then, even if the entire gear surface is produced 

by the enveloping process, only a part of it is in contact with the worm 

during meshing. 

In the present study the face width of the worm and that of the gear hob 

are the same.  Using the gear dimensions listed in Table 1, it is found that 

the gear surface covered by the first and second enveloping contact lines 

subtends a z2 range between -195 mm and 150 mm for Np slightly greater than 

13; between -84 mm and 91 mm for N - 12; and between -37 mm and 48 mm for Np 

= 10.  In contrast, the z2 range selected for the application of fluid film 

lubrication is between ± 25 mm. 
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Appendix 2  Calculation of the Relative Velocities 

Once the corresponding points on the worm and gear surfaces are found, 

they are transformed to Sj and Sn, respectively.  In the stationary coordinate 

systems the absolute velocities of these points are obtained. Then the 

velocities of the points on the worm surface are transformed to Sn to form 

relative velocities with reference to the velocities of the points on the gear 

surface.  Finally, the relative velocities are transformed to S3 for use in 

the lubrication analysis. 

Because the velocity is a free vector, its transformation takes a 3 x 3 

matrix.  Suppose the coordinate transformation matrix from Sn to Sk is: 

j^(km) _ 

ail ai2 313 314 

a2X 322 523 a24 

a31   a32   a33    a34 

0 0 0 

(25) 

Then,   the velocity in Sm,   (Vx
Cm),Vy 

<m) ,V,(n)),   is transformed to Sk as: 

V, 

V, 

v.. 

(JO 
< 

(JO 
y 

(Jc) 

ail ai2 ai3 

a21 a22 a23 

a31   a32    a33 

V, 

V, 

V. 

im) 
< 

(a) 
y 
im) 

(26) 

The velocity of a worm point in Sj is: 

V\,j) = (V$, V#}, VIS ) = öwxiw = 0 0        0)^ 

V(J)    vO-)     _(j) xw      Yw       Zw 

(27-> 

The velocity of a gear point in Sn is: 
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V. (n) —    I Tr(ö)       \An)       trw \ 
~    \ VGX   i     VGY  i     VGZ   I 

<?>\   =    r-X    „?       - uGxrG = 0        0      coG 

■KG    YG     ZG 

The velocity of a worm point  in Sn is: 

"war 

vln) = 

v(n) vwz 

-1 0 0 
VU) vwx 

0 0 -1 VWY 

0 -1 0 vwz 

(28) 

(29) 

The velocity of a worm point relative to that of a gear point in S is: 

VR     -\VRX   I     VRY   i     VRZ   ) -\VWX       VGX   i     VWY  ~^GY   '     Vwz   ~VGZ   ) <30) 

where the subscript ( )R denotes a relative velocity.  The relative velocity 

in S3 is: 
J> 

VRX COS0o sin0^ 0 

-sinßsin02 sinßcosO^ cosß 

cosßsin02 -cosßcos02 sinß 

v(n) 
VRX 

VRY 

v{n) V
RZ 

(31) 
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